Introduction
Extending the classical concept of covering dimension (cf. [1] ) for compact spaces, Rieffel [2] introduced the concept of topological stable rank for C * -algebras in 1982, which later was identified with the Bass stable rank of a ring (see [3] ). The notion of topological stable rank is also related with the notion of real rank of a C * -algebra, the later notion was introduced jointly by Brown and Pedersen [4] . The C * -algebras of topological stable rank 1 (tsr 1) have been extensively studied in [2, 3, [5] [6] [7] [8] , and so forth.
In 1976, Kaplansky introduced the class of JB * -algebras (originally called Jordan C * -algebras [9] ) which includes all C * -algebras as a proper subclass. In this paper, we extend the notion of topological stable rank 1 from C * -algebras to general JB * -algebras. After 2 International Journal of Mathematics and Mathematical Sciences setting preliminaries in Section 2, we will show in Section 3 that the complex spin factors are of tsr 1 and that these provide an example of special JBW * -algebras for which the enveloping von Neumann algebras may not be of tsr 1. Section 4 contains some results about isotopes of JB * -algebras including that every invertible element of a JB * -algebra is positive in certain isotope of . Besides various other related results, we prove in Section 5 that any finite-dimensional JB * -algebra is of tsr 1 and that every element of such a JB * -algebra is positive in some unitary isotope of ; [10, Examples 2.9 and 3.1] show this is not true for infinite-dimensional JB * -algebras (even for infinite-dimensional C * -algebras) of tsr 1.
In Section 6, we characterize the extreme points of the unit ball which are unitaries in terms of both distance to invertibles and the spectrum of the extreme point. This would generalize [6, Proposition 3.4] ; it may be noted here that the proof we will give is entirely different from the one given for C * -algebras by Pedersen [6] . By using this result, we will extend one of our previous results appeared in [10] and would also deduce the coincidence Ᏹ() 1 = ᐁ() for any JB * -algebra of tsr 1, where Ᏹ() 1 and ᐁ() stand, respectively, for the set of all extreme points of the closed unit ball and the set of all unitaries in the JB * -algebra . Aron and Lohman [11] introduced the λ-function defined on the closed unit ball of a normed linear spaces. Later on, another related function called λ u -function for C * -algebras was studied by Pedersen [6] . In the last section, we will prove that the λ-function coincides with the λ u -function on invertibles in a JB * -algebra.
Preliminaries
A Jordan algebra (cf. [12] An element x of a Jordan algebra with unit e is said to be invertible if there exists an element x −1 ∈ , called the inverse of x, such that x • x −1 = e and x 2 • x −1 = x. The set of all invertible elements of will be denoted by inv .
Let be a complex Jordan algebra with unit e and let x ∈ . As usual, the spectrum of x in , denoted by σ (x), is defined by
In the sequel, (x 1 ,...,x r ) denotes the norm closure of the Jordan subalgebra J(x 1 ,..., x r ) generated by x 1 ,...,x r in the Banach Jordan algebra . The following lemma collects some elementary properties of Banach Jordan algebras which can be easily proved on the pattern of [13] or have appeared in [14] . 
We will restrict our discussion to a special class of Banach Jordan algebras, called JB * -algebras, these include all C * -algebras as a proper subclass (see [9, 15] ): a complex Banach Jordan algebra with involution * (cf. [13] ) is called a JB * -algebra if {xx * x} = x 3 for all x ∈ . It can easily be shown (see [15] ) that x * = x for all x in any JB * -algebra . An element x of a JB * -algebra is called selfadjoint if x * = x. A closely related class of Banach Jordan algebras called JB-algebras was introduced by Alfsen et al. [16] : a real Banach Jordan algebra is called a JB-algebra if x 2 = x 2 ≤ x 2 + y 2 for all x, y ∈ . These two classes of algebras are linked as follows.
There are easier subclasses of these algebras (see [16] ). Let Ᏼ be any complex Hilbert space and let Ꮾ(Ᏼ) denote the full algebra of bounded linear operators on Ᏼ. Any JB * -algebra isometrically * -isomorphic to a JC * -algebra is also called a JC * -algebra; similarly, any JB-algebra isometrically isomorphic to a JC-algebra is also called a JC-algebra.
Any JC * -algebra is a JB * -algebra and a JC-algebra is a JB-algebra but the converses generally are not true (cf. [16] ).
Recall (from [12] , e.g.) that a Jordan algebra is said to be special if it is isomorphic to a Jordan subalgebra of some associative algebra; otherwise, it is called exceptional.
Remark 2.3.
If a is invertible with inverse b in a Jordan algebra with unit e, then by the Shirshov-Cohn theorem [12, page 48] , the Jordan subalgebra J(e,a,b) of generated by e, a, and b is special and ab = ba = e where ab denotes the underlying associative product of a and b, (see [12, page 51]); so that J(e,a,b) is an associative commutative algebra with unit. On the other hand, if a Jordan subalgebra of an associative algebra has unit e with c,
It is well known that a JC * -algebra is a JB * -algebra and a JC-algebra is a JB-algebra. The converses are not true. Let stand for the Cayley algebra over the field of all real numbers. It is shown in [16] that the real Jordan algebra M 
There are identities, called s-identities, which are known to hold for all special Jordan algebras but not for all Jordan algebras. For the next result, we need the following sidentity, which is due to Glennie [17] : 
As S is dense in and selfadjoint, there are sequences {p n }, {q n }, and {r n } of selfadjoint elements of S such that p n → p, q n → q and r n → r, as n → ∞. As S is special, 0 = G(p n , q n ,r n ) for all n ∈ ᏺ. So by the continuity of the Jordan products, Let stand for the field of reals. The direct sum ᐄ := Ᏼ ⊕ is a JB-algebra with product
and norm
for all h,h ∈ Ᏼ and λ,λ ∈ . This JB-algebra is called a real spin factor and its complexification is a JBW * -algebra (see [19] ). It is interesting to note that the real spin factors are JC-algebras (see [20] ) and hence any complex spin factor is JC * -algebra (see [9, 19] , for details). We will denote the element (h,λ) of ᐄ by h + λI and will denote a typical element of the complexification by x + iy, where x = h + λI and y = h + λ I with h,h ∈ Ᏼ and λ,λ ∈ .
Topological stable rank 1
In this section, we extend the notion of topological stable rank 1 from C * -algebras to general JB * -algebras of tsr 1. We show that the complex spin factors are of tsr 1 and that these provide an example of special JBW * -algebras for which the enveloping von Neumann algebras may not be of tsr 1.
Recall (from [2, Proposition 3.1]) that a C * -algebra C is of topological stable rank 1 if and only if its invertible elements are norm dense in C. The C * -algebra C Ꮿ (X) of all complex-valued continuous functions defined on a compact space X of covering dimension 1 or zero (by [2, Proposition 1.7] ) and any finite von Neumann algebra are tsr 1 algebras. Indeed, a von Neumann algebra is of tsr 1 if and only if it is finite (by [21, Theorem 5]). It is known (from [6, page 379]) that every von Neumann algebra has real rank zero but infinite topological stable rank unless the algebra is finite. Thus, we take this characterization to define the JB * -algebras of topological stable rank 1. A JB * -algebra is said to be of topological stable rank 1 if the set inv of its invertible elements is norm dense in . We symbolize this by tsr() = 1.
Spin factors.
Recall, given any real Hilbert space Ᏼ of (algebraic) dimension ≥ 1 with the inner product ·, · , what the direct sum X := Ᏼ ⊕ becomes a JB-algebra, called a real spin factor, under the norm
and the Jordan product
for all h,h ∈ Ᏼ and λ,λ ∈ . Clearly, 0 + 1I is the multiplicative identity in the real spin factor X := Ᏼ ⊕ . The complexification of the algebra X is called a complex spin factor. We have already noted above that any complex spin factor is a special JBW * -algebra. As usual, we write the elements of the complex spin factor as sums x + iy, where x, y ∈ X. It is well known that real spin factors are JC-algebras (see [20] ). Hence, any complex spin factor being the complexification of a JC-algebra is a JC * -algebra (see [19, 22] , for details).
The Jordan multiplication in the complexification of any JB-algebra J is constructed Proof. (a) Let be the complexification of a real spin factor X := Ᏼ ⊕ . Let x = h + 0I, y = k + 0I be vectors in X; we identify h + 0I with h and k + 0I with k. Then x + iy ∈ and so, by the constructions of the Jordan multiplications, we have
being the spectrum of a scalar (in fact, a scalar multiple of the identity (0 + 1I) + i(0 + 0I) of ) is singleton, it follows that the spectrum σ (h + ik) contains at the most two points. Further, for any h,k ∈ Ᏼ and α,β ∈ ,
Thus every element of the complex spin factor has spectrum consisting of at most two points.
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With this example, we can deduce that the enveloping von Neumann algebra of a JBW * -algebra need not have the same tsr as . Proof. By Theorem 3.1(b), we know that any complex spin factor is a JBW * -algebra (see Example 2.7) of tsr 1. By [20, Remark 7.4.4] , the C * -algebra generated by an infinitedimensional spin factor of countable dimension is known to have factor representations of types I, II, and III. Thus the required result follows.
Isotopes
Let be a Jordan algebra and x ∈ .The x-homotope of , denoted by [x] , is the Jordan algebra consisting of the same elements and linear algebra structure as but a different product, denoted by "·x", defined by
for all a, b in [x] .
Lemma 4.1. If is a special Jordan algebra and a ∈ , then [a] is a special Jordan algebra.
Proof. As is special, is isomorphic to a Jordan subalgebra of an associative algebra Ꮽ. By identifying with its image we can assume that is a Jordan subalgebra of Ꮽ.
In Ꮽ, define a new product by x · y = xay. Then (Ꮽ,·) is an associative algebra and
If x ∈ inv , then x acts as the unit for the homotope [ 
If is a unital Jordan algebra and x ∈ inv , then by x-isotope of , denoted by [x] , we mean the
−1x will stand for the Jordan triple product and the multiplicative inverse (if exists) of y in the isotope [x] , respectively.
Let be a Jordan algebra with unit e. Let x ∈ and let a ∈ inv . We define the linear operator U xa on as follows:
This reduces to the well-known operator U x for a = e. We will frequently use some basic properties of the operator U x , particularly, in relation to invertibility as given in famous the Jacobson theorem (cf. [12] ). Part (ii) of the next lemma gives the invariance of the set of invertible elements in a unital Jordan algebra on passage to any of its isotopes. Taking y = a −1 , we get 2{xa
(ii) By part (i), U xa = U x U a −1 for all x ∈ and for all a ∈ inv . Hence, by the Jacobson theorem, the product operator U xa is invertible if and only if the operator U x is invertible. Thus, again by the Jacobson theorem, x is invertible in [a] if and only if x is invertible in the original algebra . This establishes the required equality in part (ii).
(iii) By part (ii), y has its inverse y −1a in the isotope [a] . Since by part (i) U ya = U y U a −1 , it follows by the Jacobson theorem and Jordan identity
a y (as a is the unit in the isotope [a] Let be a JB * -algebra. u ∈ is called unitary if u * = u −1 , the inverse of u. In such a case, u = 1. The set of all unitary elements of will be denoted by ᐁ().
The next result is well known due to Braun, Kaup and Upmeier [23, 24] .It states that the isotope of a JB * -algebra determined by any uniatry element is itself a JB * -algebra; such isotopes are called uniatry isotope.
Theorem 4.4 (unitary isotopes [23, 24] Proof. Let u ∈ ᐁ(). We note that e * u = {ue * u} = {ueu} = u • u. Since u * = u −1 , by using the Jordan identity
which is the unit of [u] . It is well known that any Jordan algebra is integral power associative, so that (e • u e) • u e * u = {{eu * e}u Next result is an important tool for our subsequent work.
Theorem 4.6 (unitaries). For any unitary element u in the JB
* -algebra , ᐁ() = ᐁ [u] . (4.4)
Proof. Let v ∈ ᐁ(). Since v is invertible in , its inverse v −1u exists in the isotope [u] by Lemma 4.2(ii). By Lemma 4.2(iii), v
For the other inclusion, we note that the identity e being a unitary in is a unitary in [u] by (i). Hence, again by (i),
(ii) where " * " stands for the usual involution on Ꮾ(Ᏼ) and the juxtaposition xy of x, y denotes their ordinary operator product.
Proof. As noted in the proof of Lemma 4.1, (Ꮾ(Ᏼ) u ,•) is an associative algebra. Note that u is the unit in (
(4.8)
Finally,
since u is a unitary operator in Ꮾ(Ᏼ).
Theorem 4.8. With the above notations and assumptions, one has
as JC * -algebras, where the multiplications "• u " and " u " are defined by
on Ꮾ(Ᏼ) [u] and Ꮾ(Ᏼ) u , respectively.
Proof. By Theorem 4.4 and Lemma 4.1, the isotope (Ꮾ(Ᏼ) [u] 
is JC * -algebra. Moreover, for any operators x, y in Ꮾ(Ᏼ), we have
(4.12)
An element x of a JB * -algebra is positive in if x * = x and its spectrum σ (x) is contained in the set of nonnegative real numbers. Our next aim is to develop another tool for the sequel: every invertible element of a JB * -algebra is positive in certain isotope of .
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Lemma 4.9. Let be a JC * -algebra embedded in Ꮾ(Ᏼ) for some Hilbert space Ᏼ and let x ∈ be invertible with x ≤ 1.
Proof. Let be embedded (isometrically and * -isomorphically) into the JC * -algebra Ꮾ(Ᏼ), for some Hilbert space Ᏼ, under the ordinary involution and the Jordan multiplication induced by the usual operator multiplication. Considering x as an invertible element and e as the identity element of the JC * -algebra Ꮾ(Ᏼ), we have by Remark 2.3 that xx −1 = e = x −1 x, where juxtaposition of x and x −1 denotes their usual product as operators. That is, x is an invertible element of the C * -algebra Ꮾ(Ᏼ). Therefore, x has the standard polar decomposition x = u|x| in Ꮾ(Ᏼ) with the unitary and positive operators By the famous Stone-Weierstrass theorem, there exists a sequence (P n ) in C C [0,1] such that P n is a polynomial and (P n ) converges uniformly to g ∈ C C [0,1] given by g(t) = t 1/2 . Hence, by the standard functional calculus for the selfadjoint operators, (iii)
Since is norm closed, it follows from (i)-(iii) that
We next show that this element is invariant under unitary isotopes. 
Proof. x is invertible in and hence in [u] by Lemma 4.2. Hence x is invertible in Ꮾ(Ᏼ) u by Lemma 4.1 and Remark 2.3. For any positive integer m, we observe that
That is,
Therefore, for any polynomial P : [0,1] → C, we have (i)
By the Stone-Weierstrass theorem, there exists a sequence (P n ) in C C [0,1] such that P n is a polynomial and (P n ) converges uniformly to g ∈ C C [0,1] given by g(t) = t 1/2 . Hence, by the standard functional calculus for the selfadjoint operators,
(ii)
Hence, by (i)-(iii) and norm continuity of the multiplication involved, we get
Thus (
Akhlaq A. Siddiqui 13 The following result extends Lemma 4.9 to general JB * -algebra. Proof. Without loss of generality, we may assume x =1 since if y = x/ x , then y|y|
By Corollary 2.5, the norm closed Jordan subalgebra (e,x,x * ,x −1 ,x * −1 ), generated by x, x * , their inverses, and the identity element e, is a JC * -algebra. Now, considering the JC * -algebra (e,x,x
Our final result in this section shows that an invertible is positive in a unitary isotope, where the unitary comes from the polar decomposition of the invertible. [u] of , where u ∈ ᐁ() and is given by the usual polar decomposition x = u|x| of x considered as an operator in some Ꮾ(Ᏼ).
Theorem 4.12 (positivity of invertibles). Every invertible element x of the JB * -algebra is positive (in fact, positive invertible) in the isotope
Proof. Since x ∈ inv , the norm closed Jordan subalgebra (e,x,x * ,x −1 ,x * −1 ) of the JB * -algebra , generated by the identity element e, x, x * and their inverses, is a unital JC * -algebra by Corollary 2.5.
Let the JC * -algebra (e,x,x * ,x −1 ,x * −1 ) be embedded in the JC * -algebra (Ꮾ(Ᏼ),•, * ), for some Hilbert space Ᏼ. Then x considered as an invertible operator in the C * -algebra Ꮾ(Ᏼ) (see Remark 2.3) has the standard polar decomposition x = u|x|, where |x| = (x * x) 1/2 is a positive operator and (i)
is a unitary operator. By Lemma 4.11, (e,x,x * ,x −1 ,x * −1 ) [u] is a unitary isotope of (e,x,
is a JC * -subalgebra of the u-isotope Ꮾ(Ᏼ) [u] of the JC * -algebra (Ꮾ(Ᏼ),•, * ) by Lemma 4.1. By Lemma 4.2, Ꮾ(Ᏼ) [u] inv = Ꮾ(Ᏼ) inv as JC * -algebras. But x is invertible in the JC * -algebra (Ꮾ(Ᏼ),•, * ). Therefore, x is invertible in the JC * -algebra (Ꮾ(Ᏼ) [u] ,• u , * u ). Hence x is invertible in the JC * -algebra (Ꮾ(Ᏼ) u , u , † u ) by Theorem 4.8. So it follows by Remark 2.3 that x is invertible in the C * -algebra (Ꮾ(Ᏼ) u ,•, † u ) (see Lemma 4.7). Now, x being an invertible in the C * -algebra (Ꮾ(Ᏼ) u ,•, † u ) has the standard polar decomposition, namely,
where (x †u • x) 1/2 is the positive square root of (x †u • x) in (Ꮾ(Ᏼ) u ,•, † u ) and w is its unitary element given by
By Lemma 4.10, we already know that (iv)
This equation (iv) together with equations (i) and (iii) give
This together with equation (ii) gives
Thus, x is a positive element of the
Let Ꮿ(u,x) be the norm closed subalgebra of the C * -algebra (Ꮾ(Ᏼ) u ,•, † u ), generated by its identity element u and x. Then Ꮿ(u,x) is indeed a commutative C * -subalgebra of (Ꮾ(Ᏼ) u ,•, † u ) since x †u = x. Hence, Ꮿ(u,x) being commutative coincides with the JC * -subalgebra Ꮿ(u,x) [u] of the JC * -algebra (u,x) [u] generated by u and x. Recall that (u,x) [u] is a JC * -subalgebra of the u-isotope (Ꮾ(Ᏼ) [u] ,• u , * u ) of the JC * -algebra (Ꮾ(Ᏼ),•, * ). But, by Theorem 4.8,
as JC * -algebras. Hence, by [13, Theorem 11.29] , we conclude that
Of course, (u,x) [u] is a JC * -subalgebra of the u-isotope [u] . It follows that
Also note that
Thus, x is positive (and invertible as well, by Lemma 4.2) in the unitary isotope [u] of the original JB * -algebra .
Finite-dimensional JB * -algebras
The first result in this section gives a sufficient condition for a JB * -algebra to be of tsr 1. Akhlaq A. Siddiqui 15 In this section, we will prove a partial converse to the above theorem that every finitedimensional JB * -algebra is of tsr 1 and that every element of such an algebra is positive in some unitary isotope of the algebra. Example 2.9 of [10] shows that this is not true in the infinite-dimensional case even for C * -algebras of tsr 1. We know from Theorem 4.12 that every invertible element of a JB * -algebra is selfadjoint in a unitary isotope of . The first result in this section describes some of the points on the boundary of the invertibles. [25] ). (2) Now, let be a finite-dimensional JB * -algebra with identity e. Let y ∈ . In view of Theorem 4.12, the result is clear for the invertible elements. Now, suppose that y ∈ \ inv . Since the algebra is finite-dimensional, the spectrum of y is a finite set. Hence, y n = def y + (1/n)e is invertible for all but finite integral values of n. Clearly, the sequence (y n ) is norm convergent to y. By Lemma 4.11, there exist unitaries v n ∈ , for all such integral values of n, so that each invertible y n is positive and hence selfadjoint in the isotope [vn] . Thus, by the construction of the involution " * vn " (as given in Theorem 4.4), (i)
We know that the set of unitaries in any finite-dimensional JB * -algebra being closed and bounded is sequentially compact. Hence, there exists a subsequence (v nk ) of (v n ) that converges to a unitary v ∈ , in the norm topology. As noted above, the involution and Jordan triple product in any JB * -algebra both are norm continuous, so (i) gives that 
Thus, y is selfadjoint in the unitary isotope [v] .
16 International Journal of Mathematics and Mathematical Sciences (3) As seen in the above proof of part (2), every element of a finite-dimensional JB * -algebra is a norm limit of invertible elements and so the set of invertible elements is norm dense in the algebra. We can in fact say more in the finite-dimensional case. To do so we will need the following lemmas. Although we do not require it, under the hypothesis of the previous lemma it follows that {w α y α v α } → {w yv} in the weak * -topology. The next theorem gives a sufficient condition for a selfadjoint element of any JB * -algebra to be positive in some unitary isotope of . Using this sufficient condition of positivity, we will deduce that every element of any finite-dimensional JB * -algebra is positive in some unitary isotope of the algebra.
Theorem 5.7. Suppose that there are a sequence (x n ) in the JB * -algebra and a sequence (u n ) in ᐁ() such that x n → x ∈ and u n → u ∈ ᐁ() as n → ∞. If each x n is positive in the u n -isotope [un] (so that x is selfadjoint in the u-isotope [u] , see the proof of Theorem 5.2(1)), then x is positive in the [u] .
